Abstract. We consider hyperbolic triangle groups of the form T ¼ T p1; p2; p3 , where p 1
Introduction
In this article, p 1 , p 2 , p 3 will denote prime numbers satisfying the hyperbolic condition 1=p 1 þ 1=p 2 þ 1=p 3 < 1. We call ð p 1 ; p 2 ; p 3 Þ a hyperbolic triple of primes. Let
be the corresponding hyperbolic triangle group. We say that a non-cyclic finite group G is a ðp 1 ; p 2 ; p 3 Þ-group if there exists an epimorphism f : T ! G. Put G ¼ L 2 ðqÞ ¼ PSL 2 ðqÞ, where q ¼ p n , p is a prime number and n is a positive integer. In [4] , Macbeath determined when G is a Hurwitz group, i.e. a ð2; 3; 7Þ-group. He proved that G is a Hurwitz group if and only if either n ¼ 1 and p 1 0;G1 mod 7, or n ¼ 3 and p 1G2;G3 mod 7. In this article, we consider the following more general question: when is G a ðp 1 ; p 2 ; p 3 Þ-group?
Our main result is Theorem 1 below. In the statement, we let HomðT; GÞ be the set of group homomorphisms from T to G. Also for i ¼ 1; 2; 3 we let j p i ðGÞ be the number of elements of G of order p i , and finally we let oð1Þ denote a quantity that tends to 0 as q ! y. Theorem 1. Let G ¼ L 2 ðqÞ where q ¼ p n for some prime number p and some positive integer n. Let ð p 1 ; p 2 ; p 3 Þ be a hyperbolic triple of primes and let T ¼ T p 1 ; p 2 ; p 3 be the corresponding hyperbolic triangle group. Suppose that lcmðp 1 ; p 2 ; p 3 Þ divides the order of G. (ii) The group G is a ðp 1 ; p 2 ; p 3 Þ-group if and only if for any positive divisor m 0 n of n, lcmðp 1 ; p 2 ; p 3 Þ does not divide jL 2 ð p m Þj.
Remark 1. The integers j p i ðGÞ are given in Corollary 3.1. If p 1 ¼ p 2 ¼ p 3 0 p and p 1 divides jGj, an asymptotic formula for jHomðT; GÞj can be given using Proposition 5.1(v).
Remark 2. One can use the results given in [4] to derive Theorem 1 (ii), by studying triples of elements of L 2 ðqÞ and the subgroups that they generate. We use a di¤erent approach that enables us to determine the precise number of epimorphisms in HomðT; L 2 ðqÞÞ. The methods involve the character theory and the subgroup structure of L 2 ðqÞ. where ðN; 2Þ denotes the highest common factor of N and 2.
Hyperbolic triangle groups are oriented Fuchsian groups of genus 0. Part (i) of Theorem 1 and the probabilistic results given in Theorem 2 below are in the spirit of the article of Liebeck and Shalev [3] where the space of homomorphisms from a Fuchsian group G of genus at least 2 to any finite simple group G is studied. Precise asymptotic estimates for jHomðG; GÞj are given in [3, Theorem 1.2] and it is shown (see [3, Theorem 1.6] ) that a randomly chosen homomorphism from G to G is surjective with probability tending to 1 as jGj ! y. Our Theorem 1 (i) shows that the asymptotic estimate for jHomðG; GÞj given in [3 Let us now fix some notation which we will use in the remainder of the paper. Let ðp 1 ; p 2 ; p 3 Þ be a hyperbolic triple of primes and set
For any group L we set (Note that if L is non-cyclic then Hom 1 ðT; LÞ J Hom Ã ðT; LÞ.) In addition we define G ¼ L 2 ðqÞ, G 1 ¼ PGL 2 ðqÞ and z ¼ ð2; q À 1Þ, where q ¼ p n , p is a prime number and n is a positive integer.
Three distinct primes
Assume in this section that p 1 , p 2 , p 3 are distinct primes with In order to prove Theorem 1, in this case, we need to compute the size of Hom Ã ðT; LÞ for the various subgroups L of G listed in Lemma 2.1.
Lemma 3.1. The following assertions hold:
is the dihedral group of order 2i;
(ii) Hom Ã ðT; JÞ ¼ q where J is the Borel subgroup of order qðq À 1Þ=z;
Þ then fðxÞ has order dividing p 1 , fðyÞ has order dividing p 2 and fðxyÞ has order dividing p 3 . Since fðyÞ and fðxyÞ have odd order they belong to a cyclic group of index 2 in D 2i , and hence so does fðxÞ. Therefore fðxyÞ has order dividing p 1 p 2 and so fðxyÞ ¼ 1. Hence f is trivial, as required.
(ii) Let f A HomðT; JÞ and let p : J ! J=Q be the canonical homomorphism, where Q is the unique Sylow p-subgroup of J. If c ¼ p f then as J=Q is abelian, a similar argument to (i) above shows that c is trivial. Hence fðxÞ; fð yÞ; fðxyÞ A Q. Now since p 1 , p 2 , p 3 are distinct primes and Q is an elementary abelian p-group, f is trivial, as required.
(iii) This is clear. Indeed since p 1 , p 2 , p 3 are distinct primes we have p 3 d 7. But A 4 , S 4 , A 5 have no elements of order at least 7. r
The rest of the subsection is devoted to the proof of the following key proposition. Proposition 3.1. We have
where
and
is the number of conjugacy classes of elements of order p i in G.
The proof is mainly character-theoretic and is based on the following three lemmas.
The first lemma gives the character table of G. This is well known (see [1, pp. 228-229, 235] ), but we reproduce it here for convenience.
Lemma 3.2. The character table of G is as follows:
Here the following assertions hold.
(i) If p ¼ 2 then the column corresponding to the class representative labelled d, and also the rows corresponding to the irreducible characters labelled x 1 and x 2 , are to be ignored.
(ii) The class representatives c and d are of order p, a is of order ðq À 1Þ=z and b is of order ðq þ 1Þ=z.
(iii) r is a primitive ððq À 1Þ=zÞ-th root of unity and s is a primitive ððq þ 1Þ=zÞ-th root of unity. (vi) Finally, the sign 'G' is used in the following way: 'þ' for q 1 1 mod 4 and 'À' for q 1 À1 mod 4.
The next lemma gives the class representatives of G of prime order. Lemma 3.4. Suppose that p 1 , p 2 , p 3 are distinct odd primes, and let l i be a complex p i -th root of unity for i ¼ 1; 2; 3. Suppose that there exists e A fG1g such that q 1 e mod p i for i ¼ 1; 2; 3, where q ¼ p n for a prime p.
(ii) Suppose that p is odd and q 1 e mod 4, and let N ¼ ðq À 4 À eÞ=4. Then
(iii) Suppose that p is odd and q 1 Àe mod 4, and let N ¼ ðq À 2 À eÞ=4. Then
This can be found in [2, pp. 182-183] . First let us consider parts (i) and (iii)
where IrrðD 2u Þ is the set of irreducible complex characters of D 2u . From the character table of D 2u we get
Since a 123 ¼ 0, we deduce that
Finally, let us consider (ii). Let u ¼ ðq À eÞ=2 and note that u is even. Let C 0 be the conjugacy class of D 2u containing G u=2 and let C j be the conjugacy class of D 2u containing G ðuL j Þ=p j ð j ¼ 1; 2; 3Þ. Fix g 3 A C 3 , and let a k23 be the number of pairs ðg k ; g 2 Þ with g k A C k , g 2 A C 2 such that g k g 2 ¼ g 3 ðk ¼ 0; 1Þ. Since p 1 , p 2 , p 3 are distinct primes we have a k23 ¼ 0. On the other hand, the character-theoretic formula for a k23 yields (ii)
where J is the Borel subgroup of G and a 1 is the number of conjugacy classes of elements of order p 1 in G. 
and where a i ¼ dðp i À 1Þ=2e is the number of conjugacy classes of elements of order p i in G, when q 1G1 mod p i .
Proof. Parts (i), (ii) and (iii) are easy checks. Next consider (iv). If ð p 1 ; p 2 Þ B fð3; 5Þ; ð5; 2Þ; ð5; 3Þg then one of p 1 , p 2 is strictly greater than 5, and so Hom 
Proof. Part (i) follows from the fact that if J 0 J g (for some g A G 1 ) then Hom Ã ðT; JÞ V Hom Ã ðT; J g Þ ¼ q. where Z p 1 denotes a cyclic group of order p 1 . We continue to adopt the notation introduced in previous sections. Lemma 5.1. Suppose that p 1 is an odd prime and let l be a complex p 1 -th root of unity. Suppose that there exists e A fG1g such that q 1 e mod p 1 , where q ¼ p n for a prime p. Let 1 c r; s; t c a 1 , a 1 ¼ ðp 1 À 1Þ=2. For each t, there are 2a 1 À 1 pairs ðr; sÞ such that Gr G s 1 t mod p 1 . Also the following assertions hold.
Now consider (ii
Proof. The proof is very similar to that of Lemma 3. 
